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Résumé :

Ce papier s’intéresse aux effets de l’hétérogénéité entre les pays de la zone euro sur la

politique monétaire optimale. Nous construisons un modèle multi-pays (MCM) microfondé

refletant la zone euro dans lequel les paramètres structurels peuvent differer d’un pays à

l’autre. A l’aide des techniques bayésiennes, nous estimons le MCM et sa contrepartie

aggregée (AWM). On s’interroge ensuite sur le choix du meilleur modèle sur la base duquel

les décisions de politique monétaire sont prises. Une série de résultats apparaissent. Tout

d’abord, l’utilisation d’un AWM entraine des pertes en termes de bien-être significatives

et de grande ampleur. Ensuite, ce n’est pas l’utilisation d’un règle exprimée en termes de

variables agrégées qui est coûteuse mais l’utilisation d’un modèle de prévision sous-optimal.

Enfin, bien que l’introduction d’habitude dans la consommation joue un rôle important dans

la dynamique du modèle, c’est le mécanisme d’indexation sur les prix qui engendre le plus

d’effets sur le niveau des pertes.

Mots-clés: Zone euro, hétérogénéité, politique monétaire optimal, économétrie bayési-
enne.

Abstract:

This paper investigates the implications of cross-country heterogeneity within the euro area

for the design of optimal monetary policy. We build an optimizing-based multi-country

model (MCM) describing the euro area in which differences between structural parameters

across countries are allowed. Using Bayesian techniques, we estimate the MCM and its

area-wide counterpart (AWM). We then question which model is the most appropriate for

monetary policy purposes. Several results emerge. First, using an AWM induces relatively

large and significant welfare losses. Second, this is not the use of a rule based on aggregated

variables that is costly in terms of welfare, but rather the use of a sub-optimal forecasting

model. Third, allowing for habit on consumption has important implications for the dy-

namics of models but taking into account difference in price indexation has more drastic

effects on welfare losses.

Keywords: Euro area, heterogeneity, optimal monetary policy, Bayesian econometrics.

JEL classification: C51, E52, F41.
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Résumé non technique :

Ce papier étudie les implications de l’hétérogénéité des comportements dans la zone

euro sur la conception de la politique monétaire optimale. En effet, comme il est stipulé

dans le Traité de Maastricht (art. 105), le premier objectif de la BCE est de formuler et de

mettre en application la politique monétaire qui garantit la stabilité des prix dans l’Union

Monétaire Européenne. Pour cela et bien qu’elle puisse utiliser une batterie d’indicateurs

économiques (y compris ceux de chacun des membres de l’union), les décisions sont prises

sur la base des développements agrégés, laissant les idiosyncrasies nationales au soin des

gouvernements nationaux. Malheureusement, une hétérogénéité entre les économies est

présente et se produit à travers plusieurs dimensions.

Bien que l’hétérogénéité apparaisse comme un fait empirique, il est légitime de s’interroger

sur ses conséquences pour la politique monétaire et se demander si la banque centrale de-

vrait se soucier de cette hétérogénéité. Puisque ses objectifs sont définis en termes de vari-

ables agrégées, on peut penser qu’un modèle agrégé est suffisant pour capturer la plupart

des caractéristiques de la zone euro. Afin de vérifier cette intuition, nous allons comparer

deux modèles, un modèle agrégé et un modèle multi-pays, sur la base de leur capacité à

maximiser le bien-être du ménage représentatif. Pour cela, nous développons un modèle

multi-pays qui est utilisé pour estimer la dynamique des économies nationales dans la zone

euro. Ce modèle incorpore les frictions nécessaires pour reproduire la persistance des don-

nées historiques : hypothèses de prix visqueux et de formation externe des habitudes dans

la consommation. Mais la caractéristique principale du modèle est l’introduction de com-

portements hétérogènes entre les pays. A l’aide des techniques bayésiennes, nous estimons

les deux modèles et mettons en évidence le fait que les paramètres structurels des économies

allemande, française et italienne affichent des différences significatives.

Nos résultats soutiennent la conclusion que l’hétérogénéité des comportements dans la

zone euro est non seulement statistiquement observable mais surtout appropriée pour les

décisions de politique monétaire. Spécifiquement, puisque nous supposons que la règle de

politique de la BCE dépend uniquement des variables agrégées, les deux modèles peuvent

être employés pour déterminer la règle optimale de politique. Les fonctions de bien-être

associées aux deux règles optimales sont comparées en permettant une hétérogénéité des

comportements. Nous obtenons que le bien-être associé au modèle agrégé est 33% plus

faible que le bien-être associé au modèle multi-pays : ceci se traduit par une perte de 0.37%

en termes de consommation totale (à l’état stationnaire) de la zone euro. L’introduction

d’un objectif de lissage de taux d’intérêt ne modifie pas les conclusions précédentes. Enfin,

bien que l’introduction d’habitude dans la consommation joue un rôle important dans la

dynamique du modèle, c’est le mécanisme d’indexation sur les prix qui engendre le plus

d’effets sur le niveau des pertes.
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Non-technical summary:

In this paper, we evaluate the cost of ignoring the cross-country heterogeneity within

the euro area when implementing the optimal monetary policy. The Maastricht Treaty

(Art. 105) states that the primary objective of the European Central Bank (ECB) is

to maintain price stability within the European Monetary Union. In order to fulfill this

objective and although it may use a battery of economic indicators, including country-

specific ones, decisions are taken on the basis of aggregate developments, while national

idiosyncrasies are left to the care of national governments. The consequences of such a

constraint on the monetary policy of the euro area are obviously related to the extent and

the nature of heterogeneity of countries within the area. As a consequence, it is not clear

a priori what type of forecasting model (multi-country or area-wide) should be used for

implementing an optimal monetary policy.

To address this issue, we develop a multi-country DSGEmodel, which is used to estimate

the dynamics of national economies within the euro area. This model incorporates frictions

required to reproduce the persistence of the actual data, including the presence of sticky-

price setting and external habit formation in consumption. An additional characteristic

of the model is the introduction of heterogenous behaviors across countries that allows to

investigate the cost of using an AWM instead of an MCM.

Using Bayesian techniques, we estimate the AWM and MCM and provide evidence that

the behavioral parameters in Germany, France, and Italy display some significant differ-

ences, and that shocks affecting the different economies are only very weakly correlated.

Our results therefore highlight that heterogeneity can be mainly attributable to the asym-

metry of shocks across countries rather than to differences in behavioral parameters.

Since our model is suitable for the analysis of optimal monetary policy, we then compare

the two models on the basis of their ability to maximize the welfare of the area-wide rep-

resentative household. The welfare associated to the two optimal rules are then compared

allowing heterogeneity of behaviors. We find that using an AWM generates a relatively

large welfare loss that corresponds to a permanent decrease in steady-state aggregate con-

sumption by around 0.37 percent. Moreover, our results suggest that this is not the use of

a rule based on aggregate variables that is costly in terms of welfare, but rather the use of a

sub-optimal forecasting model. Moreover, the rather large welfare cost of using the AWM

appears to be mainly attributable to the introduction in our model of price indexation

rather than to habit formation. Finally, we investigate the implications of heterogeneity

when an additional ad hoc interest-rate smoothing objective is allowed. Introducing some

concern for interest-rate volatility in the welfare measure would not affect the previous

results.
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1 Introduction

The Maastricht Treaty (Art. 105) states that the primary objective of the European Central

Bank (ECB) is to maintain price stability within the European Monetary Union. In order

to fulfill this objective and although it may use a battery of economic indicators, including

country-specific ones, decisions are taken on the basis of aggregate developments, while

national idiosyncrasies are left to the care of national governments. The consequences of

such a constraint on the monetary policy of the euro area are obviously related to the extent

and the nature of heterogeneity of countries within the area. Since the decisions have to be

taken on the basis of aggregate developments only, it may be argued that, since objectives

are defined in terms of aggregate variables, an area-wide model (AWM) would be sufficient

for capturing most characteristics of the euro-area economy. On the other hand, a multi-

country model (MCM) may help capturing the heterogeneity of countries and therefore

bring valuable information about the state of the euro-area economy. Consequently, it

would allow to define a more appropriate monetary policy rule. As a consequence, it is not

clear a priori what type of forecasting model (multi-country or area-wide) should be used

for implementing an optimal monetary policy.

To investigate the role devoted to country-specific information in the decision process

of the Eurosystem, the now standard approach to policy evaluation can be followed (see

the contributions in Taylor, 1999): The optimal policy rule is determined so as to minimize

the expected value of an intertemporal loss function, under the constraint provided by a

simplified multi-country model (MCM) of the euro area. Assuming that the monetary

authority is exclusively interested in area-wide objectives, it is possible to compare the

performance of two optimal reaction functions based on an MCM and an AWM respectively.

Such a comparison has already been performed in a few set of contributions,1 revealing that

the loss associated with the neglect of country-specific information might be large. However,

in these studies, the underlying macroeconomic models are not designed in an optimization-

based framework. Consequently, the optimal monetary policy deduced from such models is

subject to the Lucas critique, since it is based on reduced-form, not structural, parameters.

This is a serious limitation when the welfare resulting from an optimal policy rule has to

be evaluated.

The objective of this paper is to reassess and generalize the preceding results in investi-

gating how heterogeneity of agents across euro-area countries is likely to affect the optimal

monetary policy into an optimizing-based framework. More precisely, we measure the cost

in terms of welfare of using an AWM instead of an MCM to evaluate the optimal monetary

policy. The basic idea is that the MCM is designed to capture the cross-country hetero-

geneity and thus to describe more accurately the way monetary policy affects the economy.

1The literature includes Aksoy et al. (2002), De Grauwe (2000), De Grauwe and Piskorki (2001), Angelini

et al. (2002), and Monteforte and Siviero (2003), among others.
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Consequently, a welfare-maximizing central bank may be able to implement a more efficient

monetary policy, even if the policy rule is assumed to be based on aggregate variables only.

An obvious shortcoming of the MCM is that the estimation of the joint dynamics of the

various national economies is much more demanding, since it requires modeling the joint

dynamics of several economies as well as the international transmission mechanisms. In ad-

dition, the MCM is likely to induce a large amount of country-specific uncertainty, while an

AWM may average these errors. Conversely, the estimation of an AWM is likely to induce

an aggregation bias, if structural parameters actually differ across countries. Such a bias

has already been highlighted in the context of the Phillips curve (Demertzis and Hugues

Hallett, 1998, Benigno and López-Salido, 2002, Altissimo, Mojon, and Zaffaroni, 2004).

Our approach comprises several challenges both on theoretical and empirical grounds.

From a theoretical point of view, we derive a simple MCM which resorts to the “New Open

Economy Macroeconomics” literature (initiated by Obstfeld and Rogoff, 1995). By incor-

porating significant frictions in the form of nominal rigidities, Dynamic Stochastic General

Equilibrium (DSGE) models have been shown to provide a sufficiently rich dynamics to

fit the actual data fairly well (Christiano, Eichenbaum, and Evans, 2005, or Smets and

Wouters, 2003, SW thereafter). However, in our open-economy context, additional mech-

anisms must be introduced: (i) cross-country differences in the structural parameters are

allowed, since we are primarily interested in the effect of such heterogeneity on the design

of the optimal monetary policy, (ii) perfect risk sharing and a home bias in preferences are

incorporated in the model to deal with exchange-rate indeterminacy, and (iii) cross-country

correlations between shocks are introduce to capture co-movement in the joint dynamics

of national conditions. From an empirical point of view, we adopt a Bayesian approach

to estimating the model parameters. An advantage of the Bayesian approach is that prior

distributions can play important role. Priors enable the researcher to include information

that is available in addition to the estimation sample, while the resulting posterior provides

a coherent measure of parameter (and model) uncertainty.

Following the strategy described above, we first estimate two models, mimicking the

way the ECB forecasts macroeconomic developments within the Eurosystem. In the first

one, we model the dynamics of area-wide macroeconomic data. In the second one, we

adopt an open-economy framework and model the joint dynamics of the data for the major

countries in the euro area (Germany, France and Italy). Our empirical evidence suggests

that there exists some significant heterogeneity within the euro area, even among core

countries. First, we obtain some large and significant differences between estimates of the

structural parameters at euro-area level and at country level, suggesting an aggregation

bias. But more importantly, we find that the main source of heterogeneity is the weak

correlation between shocks across countries.

Then, we investigate how cross-country heterogeneity affects the design of optimal mon-

etary policy within the euro area. We consider two alternative modeling approaches. In both
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of them, the central bank is assumed to define its preferences and its loss function at the

area-wide level. In addition, the reaction function is designed in terms of aggregate variables

only. In the first approach, the model used for computing the loss function is an AWM,

estimated using aggregated data, while in the second approach an MCM is used. Then, we

evaluate the optimal monetary policy that maximizes the aggregate welfare, both under

the AWM and the MCM, and we measure the welfare cost of using the AWM (sub-optimal)

forecasting model. We obtain that the welfare cost is quite significant, both economically

and statistically. It appears to be mainly related to nominal rigidities rather than to real

rigidities.

The remainder of the paper is organized as follows. In Section 2, we describe the theo-

retical MCM. In Section 3, we present the data and the estimates of the AWM and MCM.

In Section 4, we determine the optimal monetary policy under the two forecasting models

and evaluate the welfare implications of using the (sub-optimal) AWM model. Section 5

summarizes our main findings and concludes.

2 Structure of the multi-country model

The euro area is modelled as the aggregate of several economies. For each country, we for-

mulate an open-economy sticky-price model, which is inspired by recent theoretical models

derived from the “New Open Economy Macroeconomics”, and which has a sufficiently rich

dynamics to fit actual data fairly well.2 The model is enriched in several dimensions, to offer

a comprehensive framework that encompasses and generalizes other previous contributions.

Most elements of this model are individually already present in the closed or open economy

macroeconomic literature, but they have not been brought together in a single framework

as is done here. In terms of dynamics, first key modifications are the explicit incorporation

of habit formation in the households’ preferences and partial indexation in a price-setting

framework à la Calvo (1983). These assumptions provide us with microfounded “hybrid”

versions of the IS and Phillips curves. Second, contrary to most recent studies on DSGE

models, we do not assume that preferences and technologies are the same across countries,

since we are interested in measuring the effect of heterogeneity on the optimal monetary

policy of the area. In addition, domestic and foreign shocks are allowed to be imperfectly

correlated. Third, to cope with the indeterminacy of the exchange rate, we resort to the

perfect risk sharing assumption. Although this assumption is admittedly heroic in empirical

work, it avoids assuming non-rational expectations of exchange rate that has been shown to

be an alternative way of dealing with non-stationarity. Finally, households are assumed to

have a taste bias towards home-produced goods. Since preferences differ across countries,

2See, among others, Obstfeld and Rogoff (1995), Devereux and Engel (2000), Monacelli (2001), Clarida,

Gali and Gertler (2002), Smets and Wouters (2002), Benigno and Benigno (2003), Benigno (2004), Corsetti

and Pesenti (2005), Galí and Monacelli (2005).
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the price of consumption bundles will differ when expressed in a common currency. The

real exchange rate thus deviates from purchasing power parity (PPP).3 This assumption

is crucial, because it allows the perfect risk-sharing equation to determine uniquely the

dynamics of the terms of trade.

In order to lighten the notations, we assume that there are two countries in the euro

area, denoted H(ome) and F(oreign). Since commercial links are much stronger between

countries within the area than with countries outside the area, we neglect trade with the

rest of the world. The population of the euro area is a continuum of agents on the interval

[0, 1] . The population of country H belongs to [0, n), while the foreign population belongs

to [n, 1]. Therefore, n is the relative measure of the home country size into the area. An

agent in the home country is indexed h ∈ [0, n), while a foreign agent is indexed f ∈ [n, 1].
Variables in the home country are denoted Xt while foreign variables are denoted X∗

t . The

home economy produces a continuum of differentiated goods indexed on the interval [0, n).

Foreign goods (or, equivalently, goods produced in the rest of the area) are indexed on the

interval [n, 1]. All goods are tradeable.

2.1 Households

The home economy is populated by infinitively-living households, consuming Dixit-Stiglitz

aggregates of domestic and imported goods. A home household h owns a firm producing

goods h and receives dividends from it. We assume that households in a given country have

the same preferences and endowments. Although there may be idiosyncratic shocks among

households, we assume that households have access to complete markets for state-contingent

claims, so that there is no heterogeneity among agents in a given country. Consequently,

all households in the same country behave in the same manner and then we consider

the optimization problem of a representative household. The representative household in

country H maximizes the following expected sequence of present and future utility flows

that depends positively on consumption (Ct) and negatively on labor (hours worked, Lt):4

Ut = Et
∞X
k=0

βkεp,t+k

·
1

1− σ
(Ct+k − γHt+k)

1−σ − 1

1 + ϕ
(Lt+k)

1+ϕ

¸
, (1)

where Et denotes the expectation operator conditional on the information set at time t, β
is the intertemporal discount factor, with 0 < β < 1, σ is the inverse of the intertemporal

elasticity of substitution of consumption, and ϕ is the inverse of the elasticity of labor

disutility with respect to hours worked. εp,t denotes a country-specific preference shock

that affects the inter-temporal substitution of all households in the same manner in the

home economy.5 Preferences display external habit formation as in Abel (1990). The
3An earlier contribution that introduced home bias in preferences is due to Warnock (2000).
4We abstract from money in this model since the central bank adjusts money supply to satisfy money

demand with a simple feedback rule.
5We assume that εp,t follows an AR(1) process: εp,t = 1− ρp ε̄p + ρpεp,t−1 + ηp,t.
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habit stock is supposed to equal the level of aggregate consumption in the previous period

(Ht = Ct−1), and γ represents the habit persistence parameter, measuring the effect of past
consumption on current utility (0 ≤ γ < 1). Including habit formation in a macroeconomic

model results in a better fit of the data and captures the “hump-shaped” gradual responses

of spending (see Fuhrer, 2000).

The aggregate consumption index for home households and the corresponding consump-

tion index for foreign households are defined by6

Ct =
(CH,t)

ω (CF,t)
1−ω

ωω (1− ω)1−ω
and C∗t =

³
C∗H,t

´ω∗ ³
C∗F,t

´1−ω∗
(ω∗)ω

∗
(1− ω∗)1−ω

∗ , (2)

where ω and ω∗ denote the share of home goods in the consumption of home and foreign
households respectively. CH,t (resp. CF,t) is the sub-index of consumption of imperfectly

substitutable, home (resp. foreign) goods, which is in turn given by the following CES

aggregators:

CH,t =

"µ
1

n

¶1/θ Z n

0
Ct (h)

θ−1
θ dh

# θ

θ−1
and CF,t =

"µ
1

1− n

¶1/θ Z 1

n
Ct (f)

θ−1
θ df

# θ
θ−1

,

(3)

where Ct (h) (resp. Ct (f)) is consumption of the generic good h (resp. f) produced

in country H (resp. F). Parameter θ denotes the elasticity of substitution across goods

produced within a given country. The corresponding consumption price indexes (CPI) are

given by:

Pt = (PH,t)
ω (PF,t)

1−ω and P ∗t =
¡
P ∗H,t

¢ω∗ ¡
P ∗F,t

¢1−ω∗
.

Here, PH,t (resp. PF,t) is the price sub-index for home- (resp. foreign-) produced goods

expressed in the home currency, defined as

PH,t =

·
1

n

Z n

0
PH,t (h)

1−θ dh
¸ 1

1−θ
and PF,t =

·
1

1− n

Z 1

n
PF,t (f)

1−θ df
¸ 1
1−θ

,

where PH,t (h) (resp. PF,t (f)) is the price in units of country H of a generic good h (resp.

f) produced in country H (resp. F).

We also assume that prices are set in the producer currency and that the law of one

price holds. We then have PH,t (h) = P ∗H,t (h)St and PF,t (f) = P ∗F,t (f)St, where St is

the nominal exchange rate expressed as units of domestic currency needed for one unit of

foreign currency.7 Since we assume the same elasticity of substitution among goods in a
6As shown by Corsetti and Pesenti (2005), the Cobb-Douglas consumption index is a necessary condition

for the trade to be invariably balanced.
7Although it has been investigated in a number of recent papers, we do not consider here the presence

of imperfect exchange rate pass-through. A reason is that it is not likely to be an important feature across

countries within the euro area. In addition, this feature is obviously irrelevant from the euro-area point of

view.
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given country, we also have PH,t = P ∗H,tSt, and PF,t = P ∗F,tSt. Yet, from the definition of

the CPI, we obtain that

Pt = P ∗t St
µ
PH,t

PF,t

¶ω−ω∗
.

Therefore, if we assume that there exists a home bias in preferences (ω 6= ω∗), PPP does
not necessarily hold, i.e., Pt 6= P ∗t St. We expect ω > ω∗, so that home households put a
higher weight on home goods than foreign households.

As indicated above, we assume complete markets for state-contingent claims. Conse-

quently, households can transfer wealth to the next period by holding Bt+1 unit of the

one-period nominal bond denominated in the domestic currency.8 We thus obtain the

following home household’s budget constraint:

PtCt +
Bt+1

1 + it
=WtLt +Bt +Πt − TRt, (4)

where Wt is the nominal wage income, Πt is the dividend received from home firms, TRt

are lump sum government transfers, and it is the nominal interest rate.

The maximization problem of the home household consists in maximizing equation (1)

subject to constraint (4), yielding the optimal profile of consumption, holdings of domestic

bond and labor supply. The first-order conditions imply:9

UC,t = εp,t (Ct − γHt)
−σ , (5)

(1 + it)
−1 = βEt

·UC,t+1
UC,t

Pt
Pt+1

¸
, (6)

UL,t
UC,t

=
Wt

Pt
, (7)

where UX,t denotes the derivative of utility U with respect to variable X at the period t.

Equation (5) defines the marginal utility of consumption. Equation (6) is the usual Euler

equation for inter-temporal consumption flows. It establishes that the ratio of marginal

utility of future and current consumption is equal to the inverse of the real interest rate.

Equation (7) is the condition for the optimal consumption-leisure arbitrage, implying that

the marginal rate of substitution between consumption and labor is equated to the real

wage.

8More precisely, at date t, home households hold B st+1 = Bt+1 units of the one-period bond denomi-

nated in home currency that pay 1 at date t+1 if state st+1 occurs and 0 otherwise, where st = (s0, · · · , st)
denotes the story of events up to date t. Foreign households hold B∗t st+1 = B∗t+1 units of such bond.

The price of this bond in home currency is denoted Φ st, st+1 = Φt,t+1. The price at date t of the port-

folio held by home households is thus given by Et [Φt,t+1Bt+1]. We define the one-period interest rate as

1+ it = 1/Et [Φt,t+1]. Note that, since bonds are state-contingent, including bonds denominated in foreign

currency would be redundant. For more details, see Chari, Kehoe, and McGrattan (2002).
9We abstract here from the optimal intra-temporal allocations between domestic and foreign goods.
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2.2 Firms

There is a continuum of infinitely living and monopolistically competitive firms indexed by

h on the interval [0, n) for the home country and by f on the interval [n, 1] for the foreign

country. They produce differentiated goods which are bundled into homogeneous home and

foreign goods by a constant returns to scale of the Dixit-Stiglitz form:

Yt =

"µ
1

n

¶1/θ Z n

0
Yt (h)

θ−1
θ dh

# θ
θ−1

and Y ∗t =

"µ
1

1− n

¶1/θ Z 1

n
Y ∗t (f)

θ−1
θ df

# θ
θ−1

.

The production technology of the representative home firm h combines labor as primary

input and a country-specific productivity shock.10

Yt (h) = AtLt (h) . (8)

Output is normalized by population size, so that it is expressed in per capita terms. We

thus deduce that total home labor demand is given by

Lt =

Z n

0
Lt (h) dh =

YtVt
At

, (9)

where Vt =
R n
0

Yt(h)
Yt
dh represents the dispersion of production across firms in the home

economy.

Since input markets are perfectly competitive are country specific, the standard static

first-order condition for cost minimization implies that all domestic firms have identical

real marginal cost, MCt, given by,

MCt =
1

(1 + ϑ)

Wt

PH,tAt
, (10)

where ϑ is a subsidy for output that offsets the effect on imperfect competition in goods

markets on the steady-state level of output (0 ≤ ϑ < 1).

Firms price setting decision is modelled through a modified version of the Calvo’s (1983)

staggering mechanism. In addition to the baseline mechanism, we allow for the possibility

that firms that do not optimally set their prices may nonetheless adjust it to keep up with

the previous period increase in the general price level (see Sbordone, 2003, and Christiano,

Eichenbaum, and Evans, 2005, for details concerning this assumption). In each period, a

firm faces a constant probability, 1− α, of being able to re-optimize its price and chooses

the new price P̃H,t (h) that maximizes the expected discounted sum of profits

Et
∞X
k=0

αkΥt,t+k

"
P̃H,t (h)Ψ

H
t,t+k

PH,t+k
−MCt+k

#
Yt+k (h) , (11)

10We assume that the productivity shock At follows an AR(1) process: At = (1− ρa) Ā+ ρaAt−1 + ηa,t.
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subject to the sequence of demand equations:

Yt+k (h) =

Ã
P̃H,t (h)Ψ

H
t,t+k

PH,t+k

!−θ
Yt+k, (12)

where Υt,t+k = βkUC (Ct+k) /UC (Ct) is the discount factor between time t and t+ k, and

ΨH
t,t+k =

( Qk−1
ν=0 (π̄H)

1−ξ (πH,t+v)
ξ k > 0

1 k = 0,
(13)

where π̄H is the domestic trend inflation and the coefficient ξ ∈ [0, 1] indicates the degree
of indexation to past prices, during the periods in which firm is not allowed to re-optimize.

ΨH
t,t+k is a correcting term that accounts for the fact that, if the firm h does not re-optimize

its price, it updates it according to the rule:

PH,t (h) = (π̄H)
1−ξ (πH,t−1)ξ PH,t−1 (h) . (14)

Consequently, the first-order condition associated to the profit maximization implies

that firms set their price equal to the discounted stream of expected future real marginal

costs:

Et
∞X
k=0

αkΥt,t+k

"
(π̄H)

(1−ξ)k
µ
PH,t+k−1
PH,t−1

¶ξ P̃H,t (h)

PH,t+k
− θ

θ − 1MCt+k

#
Yt+k (h) = 0. (15)

If flexible prices is assumed (α = 0), this expression gives the optimal relative price

P̃H,t (h) /PH,t = µMCt, where µ ≡ θ/ (θ − 1) is the optimal markup in a flexible-price
economy. As there are no firm-specific shocks in this economy, all firms that are allowed to

re-optimize their price at date t select the same optimal price P̃H,t (h) = P̃H,t, ∀h.
Staggered price setting under partial indexation implies the following expression for the

evolution of the domestic price index:

PH,t =

·
α
³
(π̄H)

1−ξ (πH,t−1)ξ PH,t−1
´1−θ

+ (1− α)
³
P̃H,t

´1−θ¸ 1
1−θ

. (16)

The price setting problem solved by firms in the foreign country is similar and leads

to an optimal rule analogous to equation (15). Yet, we allow foreign structural parameters

(α∗, ξ∗) and country-specific shocks (A∗t ) to differ from their home country counterparts.

2.3 Real exchange rate dynamics

Under the assumption of complete markets, domestic and foreign households trade in state-

contingent claims denominated in the home currency. This implies the following perfect

risk-sharing condition (cf. Chari, Kehoe, and McGrattan, 2002):

Qt = κ
U∗C∗,t
UC,t

, (17)
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where the real exchange rate, defined as Qt ≡ StP
∗
t /Pt, is proportional to the ratio of

the marginal utility of consumption between the two countries.11 The assumption of in-

ternational market completeness insures that, in our model, the real exchange rate and

consumption are stationary variables (see also Benigno, 2004).

Since the real exchange rate deviates from PPP because of home bias in preferences,

we also have

Qt =

µ
StP

∗
H,t

PH,t

¶ω∗ µStP ∗F,t
PF,t

¶1−ω∗ µ
PF,t
PH,t

¶ω−ω∗
= (Tt)ω−ω

∗
, (18)

where Tt is the home terms of trade, i.e. the relative price between foreign and home
bundles of goods as perceived by the home resident. It is defined as12

Tt =
PF,t
PH,t

=
StP

∗
F,t

PH,t
. (19)

This definition implies, using equations (5), (17), and (18):

(Tt)ω−ω
∗
= κ

ε∗p,t (Ct − γCt−1)σ

εp,t
¡
C∗t − γ∗C∗t−1

¢σ∗ . (20)

Equation (20) provides a rather elegant way to escape the exchange rate non-stationarity

and model indeterminacy issues. Note that, when there is no home bias in preferences

(ω = ω∗), the perfect risk sharing assumption does not allow to determine the terms of

trade anymore.

Combining Euler equation (6) with the perfect risk sharing equation (17), we obtain

the following dynamics for the real exchange rate and the terms of trade:

Et
·
Qt+1

Qt

¸
= Et

"
U∗C
¡
C∗t+1

¢
UC (Ct)

U∗C (C∗t )UC (Ct+1)

P ∗t Pt+1
PtP ∗t+1

#
=
1 + it
1 + i∗t

(21)

Et
·
Tt+1
Tt

¸
= Et

"
P ∗F,t+1PH,t

PH,t+1P ∗F,t

1 + it
1 + i∗t

#
. (22)

Equation (21) is the Uncovered Interest rate Parity (UIP) condition, which states that

the expected change in the exchange rate is exactly compensated by the real interest rate

differential. It is worth emphasizing that the UIP condition is not an additional implication

in the model, but rather a redundant relation.

11κ = [S0P
∗
0 UC,0] / P0U∗C∗,0 is a constant that depicts initial condition.

12The foreign terms of trade are simply given by T ∗t = P ∗H,t/P
∗
F,t = 1/Tt, because the law of one price

holds.
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2.4 Market clearing conditions

Demands for goods are given by the sub-index of consumption (3), the allocation of demand

across each of the goods produced within a given country for consumers H,F are given by

Ct (h) =
1

n

µ
PH,t (h)

PH,t

¶−θ
CH,t and C∗t (h) =

1

n

Ã
P ∗H,t (h)

P ∗H,t

!−θ
C∗H,t

Ct (f) =
1

1− n

µ
PF,t (f)

PF,t

¶−θ
CF,t and C∗t (f) =

1

1− n

Ã
P ∗F,t (f)
P ∗F,t

!−θ
C∗F,t.

The consumption aggregator (2) implies that home and foreign demands for composite

home and foreign are given by

CH,t = ω

µ
Pt
PH,t

¶
Ct and C∗H,t = ω∗

Ã
P ∗t
P ∗H,t

!
C∗t

CF,t = (1− ω)

µ
Pt
PF,t

¶
Ct and C∗F,t = (1− ω∗)

Ã
P ∗t
P ∗F,t

!
C∗t .

Then, goods market clearing in the home and foreign countries implies:

Yt (h) = nCt (h) + (1− n)C∗t (h)

=

µ
PH,t (h)

PH,t

¶−θ µ Pt
PH,t

¶µ
ωCt + T ω−ω∗

t

1− n

n
ω∗C∗t

¶
,

and

Y ∗t (f) = nCt (f) + (1− n)C∗t (f)

=

µ
PH,t (f)

PF,t

¶−θ µ Pt
PF,t

¶µ
n

1− n
(1− ω)Ct + (1− ω∗)T ω−ω∗

t C∗t

¶
,

so that aggregate outputs in home and foreign goods are:

Yt = ω (Tt)1−ω Ct +
1− n

n
ω∗ (Tt)1−ω

∗
C∗t , (23)

and

Y ∗t = (1− ω) (Tt)−ω
n

1− n
Ct + (1− ω∗) (Tt)−ω

∗
C∗t . (24)

Together with equation (19), these relations show that aggregate output only depends on

home and foreign consumptions and preference shocks.

2.5 Log-linear equilibrium

In order to estimate the model, we log-linearize it around the steady state. We also close

the model by specifying a fairly simple monetary policy rule for each country, in which the

short term nominal interest rate responds to lagged interest rate as well as to deviations
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of inflation to its steady-state value and of domestic aggregate output to its flexible-price

equilibrium (or natural) value. This specification includes an additional exogenous AR(1)

monetary policy shock.13 Notice that, since the historical policy rule has not been nec-

essarily optimal, the parameters of the reaction function cannot be viewed as structural

ones. Consequently, we adopt for the moment on a widely-accepted specification, in order

to estimate structural parameters reflecting the behavior of private agents.14 The resulting

system, expressed in percentage deviation around the steady state, is presented in Appen-

dix A. The determination of the optimal monetary policy consistent with our structural

model is performed in Section 4.

In the case of an area with more than two countries, the broad structure of the model

remains essentially unchanged. The major change is that, in an N -country model, in-

ternational transmission mechanisms pass through (N − 1) independent terms of trade.
Consequently, since the Phillips curve depends on the terms of trade through movements

in real marginal cost, inflation dynamics is affected by demand conditions in all countries.

Moreover, domestic consumption is affected by the average of real interest rates prevailing

in all countries of the area.

3 Estimation

We now concentrate on the two forecasting models that we will use to evaluate the optimal

monetary policy rules. The first one is an AWM that implicitly assumes that the hetero-

geneity of behaviors and the asymmetry of shocks across countries can be neglected in the

design of monetary policy. For this purpose, we resort to the closed-economy version of

the model described above, estimated over aggregated data of the euro area. The second

model is an MCM that incorporates information on individual countries, allowing model

parameters to differ from one country to another.

3.1 Data

The data are drawn from OECD Business Sector Data Base for individual countries. The

sample period runs from 1970:1 to 1998:4 at a quarterly frequency. We suppose that the

euro area is represented by the three largest countries of the area (Germany, France, and

Italy), which cover some 70% of the area-wide GDP. The MCM is then estimated for these

three countries, while the AWM is estimated on the weighted average of series pertaining

to the three countries under study.

13We also estimated a specification with a time-varying inflation objective and an i.i.d. monetary policy

shock. As in Onatski and Williams (2004), however, we obtained that the variance of the monetary policy

shock is essentially null. Consequently, we kept specification that does not resort to a shock with a zero

variance.
14See Dieppe, Küster, and McAdam (2004) for a comparison of several policy rules using an AWM.
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The estimation of the model is based ultimately on three key macroeconomic variables

for each country: real consumption, the inflation rate, and the nominal short-term interest

rate. Neither the terms of trade nor the real marginal cost are necessary for the estimation

of model, since they are defined as exact functions of the other macroeconomic variables.

Consumption is defined as real consumption expenditures, linearly detrended. We measure

inflation as the annualized quarterly percent change in the implicit GDP deflator. The

interest rate is the three-month money-market rate. Figure 1 displays the historical path

of the various series under consideration for each country or area. In the case of the euro

area, we also plot the series extracted from the AWM database provided by Fagan, Henry

and Mestre (2001). We first notice that the two data sets for the euro area look very

similar. We also observe a downward trend in inflation and interest rate, which mainly

corresponds to the convergence process of economic conditions within the euro area. The

structural model presented above is clearly not designed to capture such an empirical

feature. Therefore, inflation and the nominal interest rate are detrended by the same

quadratic trend in inflation.15

3.2 Econometric approach

For estimating the DSGE model described above, we adopt the Bayesian strategy proposed,

among others, by Fernandez-Villaverde and Rubio-Ramirez (2003), Schorfheide (2003),

and SW.16 Bayesian estimation is a full information method that estimates the DSGE

model jointly and allows to incorporate some prior information on structural parameters,

rendering the estimation procedure more stable. It has been shown also to be appropriate

for comparing and testing different non-nested model specifications. In addition, as recently

claimed, it can be used for assessing mis-specification and identification problems (see, e.g.,

Del Negro, Schorfheide, Smets, and Wouters, 2005).

Let x̂t =
¡
x̂kt , k = 1, · · · , N

¢
denote the vector of observable variables, where x̂kt =¡

ĉkt , π̂
k
H,t, ı̂

k
t

¢0
contains the country-k observable variables (consumption, inflation and in-

terest rate). The log-linearized MCM is cast in a state-space representation for x̂t in order

to form the likelihood function of the data:

ŝt = A (Θ) ŝt−1 +B (Θ) ηt (25)

x̂t = Cŝt (26)

where ŝt is the vector of state variables. In addition to observable variables, it includes

15We also examined if the estimates are modified when (i) consumption is detrended using the regression

on a quadratic time trend or a Hodrick-Prescott filter, (ii) real consumption is replaced by real GDP, and

(iii) real exchange rates appeared directly as observable variables. In all the cases, we obtained very similar

results.
16Procedures to compute Bayesian econometrics are available in GAUSS software (see Schorfheide, 2003)

and MATLAB software (via DYNARE, see Juillard, 2001).
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unobservable variables such as marginal cost, natural output, terms of trade or shock

processes. Last, ηt is a vector of i.i.d. variables with mean zero and covariance matrix

Σ (Θ). The matrices A (Θ), B (Θ) and Σ (Θ) are all functions of the parameter vector Θ,

while C does not depend on Θ since it selects elements of ŝt.

A Kalman filter is used to estimate the system (26)—(??).17 For a given structural

modelMi and a set of parameters Θ, we denote Γ (Θ|Mi) the prior distribution of Θ and

L (ZT |Θ,Mi) the likelihood function associated to the observable variables ZT = {ẑt}Tt=1.
Then, from Bayes rule, the posterior distribution of the parameter vector is proportional

to the product of the likelihood function and the prior distribution of Θ,

Γ (Θ|ZT ,Mi) ∝ L (ZT |Θ,Mi)Γ (Θ|Mi) .

Given the specification of the model, the posterior distribution cannot be recovered

analytically. However, it can be evaluated numerically, using a Monte-Carlo Markov Chain

(MCMC) sampling approach. More specifically, we rely to the Metropolis-Hastings (MH)

algorithm to obtain a random draw of size 150,000 from the posterior distribution of the

parameters.18 The mode and the Hessian of the posterior distribution evaluated at the

mode are used to initialize the MH algorithm.

3.3 Prior distribution

In this section, we describe how we selected the prior distribution for unknown parameters.

In most cases, priors have been chosen to be very close to those adopted by SW for the euro

area, but we also incorporate some information drawn from Onatski and Williams (2004).19

As described in the first column of Table 1, the habit persistence parameter, γ, the fraction

of firms that are not allowed to re-optimize their price, α, and the degree of price indexation,

ξ, are assumed to follow a beta distribution, with a mean of 0.7 and a standard error of

0.1. The mean value of 0.7 is close to values found in other studies in the literature. The

inverse of the inter-temporal elasticity of substitution of consumption, σ, and the inverse of

the elasticity of labor disutility, ϕ, are assumed to follow a normal distribution N (2, 0.25),

because they may theoretically take rather large values. This choice is based on evidence

provided by Onatski and Williams (2004) who stress that these parameters may actually be

larger than those reported by SW. Parameters pertaining to the monetary policy reaction

function are standard: the long-term parameter on inflation ψπ is 1.5 and the long-term

17 In a first step, the number of explosive eigenvalues is evaluated. Consequently, indeterminate mod-

els (that do not satisfy the Blanchard-Kahn conditions) are directly ruled out during the course of the

estimation.
18The first 50,000 observations are discarded to eliminate any dependence on the initial values.
19The latter authors provide an interesting investigation of some shortcomings of the standard Bayesian

approach in the context of DSGE models. In particular, they put forward that parameter estimates are

very sensitive to the way priors are introduced. We took advantage of some of their results.
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parameter in output gap ψy is 0.5, with a standard error of 0.1, corresponding to the

plain vanilla Taylor rule (they follow a normal distribution). The smoothing parameter ψi

follows a beta distribution, with a mean of 0.7 and a standard error of 0.1. The persistence

parameters (ρp, ρa, and ρi) are also assumed to follow a beta distribution, with a mean of

0.6 and a standard error of 0.1. We opt for a prior uniform distribution between [0, 2] for

all standard deviations of the stochastic shocks, σp, σa, and σi.

While the shocks in a given country are assumed to be uncorrelated, we allow a non-zero

correlation between a given shock in two countries. We thus denote δp, δa, and δi the corre-

lations between domestic and foreign preference shocks, technology shocks, and monetary

policy shocks, respectively. Correlations across countries have a normal distribution with

a mean of 0.2 and a standard error of 0.1. We use the same priors for all countries and the

euro area in turn.

Finally, we imposed dogmatic priors over the discount factor β and the elasticity of

substitution across goods produced in a given country, θ. The values we use (β = 0.99 and

θ = 10) are conventional in the literature. The consumption/output ratio s is set equal to

1 for all countries, assuming that commercial trade is broadly balanced.20 The selection

of the parameters of home bias in preferences (ω) is more tricky since the three countries

under study are far from covering the whole external trade of each other. We therefore set

these parameters as follows, in order to reflect the weight of each country in the external

trade of the others: the weights of German, French and Italian goods in the consumption

of German households are (0.8; 0.11; 0.09). For French and Italian households, the weights

are (0.13; 0.8; 0.07) and (0.13; 0.07; 0.8) respectively. We checked that marginally altering

these values would not change our results in any significant way.

3.4 Parameter estimates

3.4.1 Results for the AWM

Table 1 provides two sets of information regarding parameter estimates. The first set re-

ports the posterior mode of parameters, that is obtained directly by maximizing the log of

the posterior distribution with respect to parameters. The second set contains the 5, 50,

and 95 percentiles of the posterior distribution of parameters. Figure 2 summarizes this

information visually by plotting the prior and posterior distributions. As it appears clearly

from the figure, the posterior distribution of some parameters (namely, σ, ϕ and ψπ) is

rather close to the prior distribution. This suggests that these parameters do not strongly

affect the likelihood and translates in the rather large associated standard deviations.

As regards the behavior of households, our estimate of the inverse of the consumption

elasticity of substitution (σ) is equal to 2.08, while the inverse of the elasticity of labor

20We also estimate the models with ratios around 0.57 and we obtain quite close results.
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disutility (ϕ) is equal to 1.98. The habit persistence parameter γ is high to 0.87, indicating

that the reference for current consumption is about 90% of past aggregate consumption.

Focusing on the behavior of firms, the parameter of price indexation is ξ = 0.48, while

the probability that firms are not allowed to re-optimize their price is α = 0.93. The degree

of price stickiness is rather large, since the average duration of price contracts is about

15 quarters. This figure is somewhat larger than microeconomic evidence, but it is in the

range of previous macroeconomic estimates (SW and Onatski and Williams, 2004).

Concerning the estimates of the serial correlation of shocks, our median estimates range

between 0.42 and 0.6. This result suggests that our structural model is able to reproduce

most persistence in the data without resorting too heavily to the serial correlation of shocks.

Finally, the estimate of the monetary policy rule is only indicative of how short-term in-

terest rates reacted to macroeconomic developments over the sample period. In the absence

of a common central bank over the sample, this estimate cannot be taken as reflecting plau-

sibly the behavior of monetary authorities. The long-run response to inflation is ψπ = 1.48

while the reaction to output gap is ψy = 0.11.

3.4.2 Results for the MCM

In the case of the MCM, the joint dynamics of the whole system is estimated simultaneously

for Germany, France, and Italy. This is actually a rather time-consuming task, since it

involves 9 observable series and 51 unknown parameters. Table 2 reports the parameter

estimates of the MCM model and Figure 3 displays the prior and posterior distributions.

As regards the behavior of households, our estimates of the consumption elasticity of

substitution (σ) range between 1.5 and 2, while the elasticity of labor disutility (ϕ) is close

to 2. Although we select the same priors for all countries, we obtain significant differences for

the habit persistence parameter γ. This parameter is estimated to be medium in Germany

(0.63) and France (0.69), and large in Italy (0.78). We reject the null hypothesis that the

three parameters are equal across countries, suggesting that there is some heterogeneity of

structural parameters across countries. These estimates differ slightly from the estimates

of the AWM since the area-wide habit persistence parameter is found to be significantly

larger (0.87). Turning to the behavior of firms, we obtain some disparity in the parameters

of price indexation ξ, that range between 0.28 for Germany and 0.43 for Italy, although the

difference does not turn out to be significant.

Reaction function parameters display rather similar patterns across countries. The long-

run reaction of short-term interest rate to inflation and output gap are close to 1.5 and

0.5 respectively in the three countries. The interest rate persistence ψi is about 0.85. The

volatilities of the preference and technology shocks are very close for the three countries,

although they are smaller than the area-wide counterparts. In contrast, some large differ-

ences in the variability of the monetary policy shock are found. While the volatility is low
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in Germany and Italy (around 0.23%), it is large in France (at 0.42%). This result may

be related to some aspects of the French monetary policy, not incorporated in the model,

such as the implicit anchoring to the German monetary policy from 1983 on.

Concerning the serial correlation of shocks, the table reveals some significant differences

across countries for the preference shock (ρp = 0.51 in France and 0.80 in Italy) and for the

technology shock (ρa = 0.66 in France and 0.86 in Italy). In contrast, the estimates of ρi
are all very close to 0.45. Most cross-country correlations between shocks are significantly

positive. Note however that shocks are far from being perfectly correlated across countries.

This result is of importance, because it suggests that the asymmetry of shocks may be

rather large across countries. It appears as the main source of heterogeneity within the

euro area.

The second interesting result lies in the differences in the parameter estimates between

countries and the euro area as a whole. The area-wide estimation of parameters describing

the behavior of households appears to suffer from an aggregation bias. Such an aggregation

bias has already been pointed out as a possible undesirable outcome of estimating an AWM

(Demertzis and Hugues Hallett, 1998). Our results suggest that it operates at the levels of

both households and firms.

3.5 Performances of the estimated models and the economic problem

There are several ways to assess the empirical performances of an estimated DSGE model.

Most evaluations rely on the comparison with an a-theoretical VAR model.21 Such a

reference to a VAR model is rather natural, because the reduced form of log-linearized

DSGE models can be viewed as a constrained VAR model. Thus, the test is based on

whether the constraints imposed by the DSGE model to the VAR model are rejected by

the data. A first way to assess empirical performances consists in comparing the posterior

distributions of the DSGE and VAR models (see Geweke, 1999). A second way consists in

comparing the DSGE-based cross-covariances (or autocorrelations) and/or impulse response

functions with those obtained from a VAR model.

Our results suggest that both the AWM and the MCM are able to reproduce most

dynamics of the data, although the data do not support all the restrictions imposed by

the DSGE.22 The DSGE models perform particularly well in reproducing the empirical

auto-covariances (along the diagonal) and the output-inflation cross-covariances. However,

it is essential to precise that we do not search to retrieve all the data properties with such

a model. In this sense, our estimations can be viewed as a data-consistent calibration.

It is clear that introducing additional mechanisms would enrich the model and sub-

stantially improve its fit. Such an extension would be crucial especially if the model is

used for implementing policy applications (alternative policy scenarios, forecasting, etc).
21See, e.g., Geweke (1999), Fernandez-Villaverde and Rubio-Ramirez (2003), or Schorfheide (2003).
22The details of these results are provided in a technical appendix, available upon request.
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One may argue that, in the framework we adopt, the labor market or fiscal policy are not

explicitly modelled, while they are probably the main sources of heterogeneity in the Euro

area. However, our main purpose is the evaluation of the consequences of heterogeneity

for optimal monetary policy. As we will show in the next section, even within our rather

simple framework, we obtain that the use of an AWM induces relatively large and signifi-

cant welfare losses. The omitted heterogeneity is actually incorporated in shocks that do

not play a great role in the welfare measure (only the preference shocks enter the welfare

measure). Therefore, we obtain a large gap between the two welfare measures even when

all the sources of heterogeneity are not taken into account. Adding these additional sources

would have resulted in higher welfare losses.

4 Optimal monetary policy

We now turn to the evaluation of the optimal monetary policy in the context of the euro

area. Therefore, we acknowledge that there is a unique central bank within the euro

area, and we keep the nominal exchange rate constant and equal to one within the area.

An advantage of having developed a structural model based on optimizing behaviors is

that it provides a natural objective for monetary policy, namely the maximization of the

welfare, defined as the expected utility of the representative household. Following Woodford

(2003) and Giannoni and Woodford (2004), we compute the second-order Taylor series

approximation to this objective function as a quadratic function of variables and shocks.

Various aspects of our model, such as inflation inertia and external habit formation, require

that we derive an appropriate welfare-based stabilization objective.

Several important issues arise when considering the evaluation of welfare in the context

of an open economy with habit formation. First, as discussed in Rotemberg and Wood-

ford (1998), under the assumption that the constant subsidy for output ϑ neutralizes the

distortion associated with firm’s market power, it can be shown that in a closed economy

the optimal monetary policy is the one that replicates the flexible-price equilibrium alloca-

tion.23 In an open economy, as noted by Corsetti and Pesenti (2001) and Galí and Monacelli

(2005), a second source of distortion comes from the fact that the transmission of monetary

policy affects demand not only through the relative cost of borrowing, but also through its

effect on the terms of trade. This is a consequence of the imperfect substitutability between

home and foreign goods, combined with sticky prices. As in Benigno and Benigno (2003),

we assume that the subsidy for output exactly offsets the combined effects of market power

and the terms-of-trade distortions in the steady state.

Second, in an open economy framework, most previous studies investigated the way

23The intuition is straightforward: with the subsidy in place, there is only one distortion left in the

economy, namely sticky price. By stabilizing markups at their frictionless level, nominal rigidities cease to

be binding, since firms do not feel any desire to adjust their price.
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the optimal monetary policy may be designed, for a given type of monetary arrangement

between central banks. Typical extreme cases are non-cooperation and full cooperation.

Our evaluation of the optimal monetary policy obviously presumes full cooperation, since

only one central bank is involved. More specifically, our focus is not on whether coordination

may improve the global welfare, but rather on whether the fully cooperative monetary policy

should be based on an aggregated model or on a multi-country model.

4.1 The welfare objective

4.1.1 Expression for the welfare

A DSGE model delivers a natural measure of welfare based on the representative house-

hold’s utility. It is defined as the conditional expectation of the current and discounted

future values of the approximated utility function. In Appendix C, we derive the welfare

for the two-country model. In the closed-economy version, that corresponds to our AWM,

the aggregated welfare at date 0 can be approximated by

WAWM
0 ≈ −ŪC̄C̄

2
E0

∞X
t=0

βt
n
(ĉt − Φc + βγ)2 +

¡
βγ
¡
1 + ρp

¢
− σ − 1

¢
ĉ2t

+
σ

(1− γ)
(ĉt − γĉt−1)2 +

µ
σ

1− γ
+ ϕ

¶
(ĉt − ĉnt )

2 − σγ

(1− γ)

¡
ĉt − ĉnt−1

¢2
−βγρp (ĉt − ε̂p,t)

2 +
θα

(1− α) (1− βα)
(π̂t − ξπ̂t−1)2

¾
+ t.i.p., (27)

where all variables denote area-wide variables and parameters are those pertaining to the

AWM. ĉnt is the natural value of aggregate consumption and t.i.p. regroups terms indepen-

dent of the actual policy. Φc is a measure of inefficiency in the economy at steady state as

compared to the economy at the flexible-price equilibrium (see Woodford, 2003, Giannoni

and Woodford, 2004, and Appendix B). Expression (27) combines features implied by the

introduction of inflation inertia and external habit formation. Interestingly, we notice that,

in our estimated model, it is optimal for the central bank to put a much larger weight

(about 100 times more) on the stabilization of goods price inflation than on the stabiliza-

tion of the other variables. In addition, as indicated above, no concern about interest-rate

stabilization is present in this expression.

The aggregated welfare in the multi-country approach (taking account of the heterogene-

ity across countries) is defined as the weighted average of the national welfare functions:24

WMCM
0 = nW0 + (1− n)W∗

0 , (28)

where W0 and W∗
0 are detailed in Appendix C.

24 In the N-country case, the total welfare is given by WMCM
0 = N

j=1 njW
j
0 , where nj is the weight of

the country j in the euro-area GDP and N
j=1 nj = 1. In our evaluation, we hold the following weights: 0.4

for Germany and 0.3 for France and Italy.
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4.1.2 Evaluation of the optimal policy rule

We evaluate the optimal monetary policy by taking the unconditional expectation of ex-

pressions (27) and (28) with respect to the distribution of exogenous shocks, and under the

assumption that all endogenous variables in the initial period are at their unconditional

expectation of zero. This assumption ensures that the desirability of the chosen plan does

not depend upon initial conditions at time 0. We thus define the unconditional expectation

of the welfare as W̆i
0 = (1− β)EWi

0, i = AWM , MCM.25

Since our aim is to compare the welfare consequences of adopting as forecasting model

the (sub-optimal) AWM instead of the MCM, we proceed as follows, considering the two

following approaches in turn:

- in the aggregated approach, the central bank forecasts area-wide variables (using the

AWM) and adopts a policy rule designed in terms of aggregate variables only, in the form

ı̂t = FAWM × ŝAWM
t ,

where

ŝAWM
t = (ε̂p,t, ât, ĉ

n
t , ĉ

n
t−1, ĉt, ĉt−1, π̂t, ı̂

0
t−1)

denotes the vector of state variables under the AWM. The optimal monetary policy rule

is then obtained by maximizing the aggregated welfare (expression (27)), assuming homo-

geneity of behaviors across countries. The maximal value of welfare is denoted W̆aggr
0 .

- in the multi-country approach, the central bank uses the MCM to forecast national

variables. The policy rule is still assumed to be defined in terms of aggregate variables,

since the policy rule is designed on the basis of area-wide developments only. Its expression

is given by

ı̂t = FMCM × Ξ× ŝMCM
t ,

where in a two-country set-up

ŝMCM
t = (ε̂p,t, ε̂

∗
p,t, ât, â

∗
t , ĉ

n
t , ĉ

∗n
t , ĉnt−1, ĉ

∗n
t−1, ĉt, ĉ

∗
t , ĉt−1, ĉ

∗
t−1, π̂H,t, π̂

∗
F,t, ı̂t−1, ı̂

∗0
t−1)

denotes the vector of state variables under the MCM, and Ξ is an aggregation matrix that

defines the area-wide aggregates as functions of country variables. Then, the constrained

optimal monetary rule (FMCM ) is obtained by maximizing the weighted average of national

welfares (expression (28)), allowing heterogeneity of behaviors across countries. It should

be noticed that this rule is not in general fully optimal under the MCM, since it imposes

several constraints on the parameters of the rule. Indeed, domestic and foreign variables are

constrained to have the same weight in the reaction function. An important consequence

25By maximizing unconditional welfare, we are implicitly maximizing welfare in the steady state. This

welfare comparison ignores the possibility of losses in welfare on the transition path from one steady state

to another (see Schmitt-Grohé and Uribe, 2004).
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is that it cannot be computed using the standard approach, based on solving the Bellman

equation. Rather, the constrained rule FMCM is obtained by numerically maximizing the

welfare among all policy rules that include aggregate variables only. The maximal value of

welfare is denoted W̆MCM
0 . For further use, we also define the fully-optimal policy rule as

F opt
MCM and the corresponding welfare as W̆opt

0 .

It is worth emphasizing that the two welfare functions (W̆aggr
0 and W̆MCM

0 ) cannot be

directly compared, since they are evaluated under two different sets of assumptions. For

the two functions to be comparable, we assume that the correct model for describing the

dynamics of the economy within the euro area is the MCM, and we evaluate the welfare

associated with the two policy rules using the MCM. Under the MCM, the welfare of the

area is computed as the weighted average of national welfares, and this expression collapses

to the aggregated welfare under full homogeneity only. The maximal value of welfare

associated with the AWM policy rule (FAWM ) but evaluated under the MCM is denoted

W̆AWM
0 . We then deduce the cost of using the (sub-optimal) aggregated approach from

the comparison of W̆AWM
0 and W̆MCM

0 .

4.2 Welfare implications of heterogeneity

The constrained optimal rule evaluated under the multi-country approach (FMCM ) is ex-

pected to induce a higher welfare than the optimal rule under the aggregated approach

(FAWM ). The reason is that, although both rules are defined in terms of aggregate vari-

ables only, the parameters FMCM are obtained by maximizing the welfare under the “true”

model. Assessing whether the central bank should be concerned about heterogeneity there-

fore requires that the welfare cost of using the AWM be economically significant. For this

purpose, we compute two measures that provide some information on the welfare reduction

due to the use of the AWM.

The first measure gives the cost of using the sub-optimal forecasting model AWM as a

permanent percentage shift in steady-state aggregate consumption. It is defined by scaling

the welfare loss (W̆AWM
0 − W̆MCM

0 ) by ŪC̄C̄:

δ1 = −
W̆AWM
0 − W̆MCM

0

ŪC̄C̄
. (29)

Such measure has been previously investigated for instance by Erceg, Henderson, and

Levin (2000), Benigno and López-Salido (2002), Amato and Laubach (2004), or Tchakarov

(2004).26

26Since W̆i
0 = (1− β)E Wi

0 , expression (29) is also equivalent to

δ1 = − (1− β)
E WAWM

0 − E WMCM
0

ŪC̄C̄
,

evaluated under the MCM.
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The second measure is the fraction of the gap (in terms of welfare) between the AWM-

based rule and the fully optimal MCM-based rule that is filled by the constrained MCM-

based rule. It is defined as

δ2 =
W̆AWM
0 − W̆MCM

0

W̆AWM
0 − W̆opt

0

. (30)

This measure allows to compare our evaluations with those performed for instance by

Angelini et al. (2002) and Monteforte and Siviero (2003) in the context of ad hoc loss

functions.

Table 3 reports the welfare obtained for the various policy rules considered, using the

median of the posterior distribution of estimated parameters. The first row gives the

welfare under the AWM, the constrained MCM and the fully optimal MCM as well as the

two measures of welfare cost. We obtain that the use of the AWM to define the monetary

policy rule implies a welfare reduction as compared to the use of the constrained MCM. If

we measure the welfare cost as the permanent percentage shift in steady-state aggregate

consumption, we obtain that a cost of using the AWM is equal to δ1 = 0.0037. This suggests

that the steady-state aggregate consumption level obtained using the AWM is almost 0.37

percent lower than the steady-state aggregate consumption obtained using the constrained

MCM. This evaluation of the cost of using a sub-optimal forecasting model is rather large

as compared to some previous welfare evaluations.27 Note, however, that our measure

δ2 provides additional insight on the source of welfare loss in using an AWM. Indeed, δ2
indicates that the constrained MCM-based rule makes up for 98 percent of the distance

between the AWM-based rule and the fully optimal MCM-based rule. This result suggests

that, consistently with previous evidence, this is not the use of a restricted policy rule based

on aggregate variables that is costly, but rather the use of a sub-optimal forecasting model.

4.3 Sensitivity analysis

As a first robustness check, we investigated the role of the two sources of endogenous

persistence mechanisms we introduced in the model to reproduce the properties of the

data, namely external habit formation and price indexation. We measure how varying

both of these assumptions affects the value of the cost of using an AWM rather than an

MCM. To this end, we re-estimate the AWM and the MCM under alternative assumptions,

with and without habit formation and with and without price indexation (i.e., eight sets of

estimates). The second row of Table 3 reports the results for the two measures of welfare

cost for the model without habit formation, the third one for the model without price

indexation and the last one without habit formation or price indexation. As it may be

expected, removing these friction mechanisms reduces the difference in welfare between

27Benigno and López-Salido (2002) estimate the cost of monetary policies in the context of heterogeneous

Phillips curves within the euro area. They obtain that the cost of using an HICP-targeting policy rule

instead of the optimal monetary policy is about 0.02 percent of steady state consumption.
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the AWM and the MCM. Indeed, the welfare cost falls from 0.37 percent under the full

specification to only 0.04 percent in absence of habit formation and price indexation. We

also notice that the welfare cost of using the AWM is more widely reduced when we assume

no price indexation than when we assume no habit formation. In the former case, we

obtain δ1 = 0.12 percent while we have δ1 = 0.24 percent in the latter case. The main

reason is that the price indexation parameter (ξ) affects the welfare through the expression

(π̂t − ξπ̂t−1)2, which has a weight in the aggregate welfare 100 times larger than the weights
on the other variables. Therefore, the rather large welfare cost of using the AWM appears

to be mainly attributable to the introduction in our model of price indexation rather than

to habit formation.28

As a second robustness check, we investigate the role of interest-rate smoothing, a

feature that has been found to be necessary to reproduce the observed monetary policy

rules. It is known that introducing a micro-founded concern for the interest-rate smoothing

is rather complicated, especially in presence of habit formation (Woodford, 2003). To get

rid of this problem, we then propose to simply include an ad hoc interest-rate smoothing

objective Λi (̂ıt − ı̂t−1)2 in the expressions (27) and (28) of the aggregate welfare.29 We

focus on a grid over the weight on interest-rate smoothing Λi = [0, 1]. Figure 4 displays the

value of the welfare cost for each weight. We first observe that introducing some concern

for interest-rate volatility in the welfare measure would not affect our main result that

the use of the (sub-optimal) AWM is costly as compared to a model that incorporates

cross-country heterogeneity. Second, the larger the weight on the interest rate smoothing,

the higher is the welfare cost. The welfare cost increases from δ1 = 0.37 percent when

there is no interest-rate smoothing to δ1 = 0.96 percent in presence of a strong interest-

rate smoothing (Λi = 1). This implies that, when we introduce an interest-rate objective,

the cost of using the AW forecasting model instead of the MCM is larger than under the

baseline central bank preferences. The reason is that, under the AWM, the economy is less

reactive to changes in the short-term interest rate. For instance, the consumption habit

and price indexation parameters are larger in the AWM than in the MCM. Consequently,

the central bank has to be more reactive and to increase its short-term rate more severely,

which in turn decreases the welfare.

28But we find that habit formation is very important for the model dynamics. Justiniano and Preston

(2004) have also found such a result.
29We also replaced the interest rate smoothing Λi (̂ıt − ı̂t−1)

2 by the variance of the interest rate Λi ı̂
2
t ,

without finding any significant difference.
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5 Conclusion

In this paper, we evaluate the cost of ignoring the cross-country heterogeneity within the

euro area when implementing the optimal monetary policy. To address this issue, we de-

velop a multi-country DSGE model, which is used to estimate the dynamics of national

economies within the euro area. This model incorporates frictions required to reproduce

the persistence of the actual data, including the presence of sticky-price setting and ex-

ternal habit formation in consumption. An additional characteristic of the model is the

introduction of heterogenous behaviors across countries that allows to investigate the cost

of using an AWM instead of an MCM.

Using Bayesian techniques, we estimate the AWM and MCM and provide evidence that

the behavioral parameters in Germany, France, and Italy display some significant differ-

ences, and that shocks affecting the different economies are only very weakly correlated.

Our results therefore highlight that heterogeneity can be mainly attributable to the asym-

metry of shocks across countries rather than to differences in behavioral parameters.

Since our model is suitable for the analysis of optimal monetary policy, we then compare

the two models on the basis of their ability to maximize the welfare of the area-wide rep-

resentative household. The welfare associated to the two optimal rules are then compared

allowing heterogeneity of behaviors. We find that using an AWM generates a relatively

large welfare loss that corresponds to a permanent decrease in steady-state aggregate con-

sumption by around 0.37 percent. Moreover, our results suggest that this is not the use of

a rule based on aggregate variables that is costly in terms of welfare, but rather the use of a

sub-optimal forecasting model. Moreover, the rather large welfare cost of using the AWM

appears to be mainly attributable to the introduction in our model of price indexation

rather than to habit formation. Finally, we investigate the implications of heterogeneity

when an additional ad hoc interest-rate smoothing objective is allowed. Introducing some

concern for interest-rate volatility in the welfare measure would not affect the previous

results.

It may be argued that the cost of designing, estimating, and using an MCM is rather

large, suggesting that the AWM would be less costly to implement. However, our estimate

of the difference between the AWM and the MCM in terms of welfare is very sizeable. In

addition, it is worth emphasizing that our evaluation is based on the three largest countries

of the area that may be viewed as very similar economies. It is likely that including

additional economies would even widen the discrepancies between the two models. Using

larger models incorporating different fiscal policies and labor markets characteristics (i.e.,

increasing heterogeneity) should also tend toward higher welfare losses.
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Appendix A: The log-linearized dynamic equilibrium

This Appendix displays the log-linearized dynamic equilibrium in the case of a two-

country model. x̂t denotes the log-deviation from the steady-state value x̄, i.e. x̂t =

log (xt/x̄) .

A1. Model

• Home IS curve

ĉt =
γ

1 + γ
ĉt−1 +

1

1 + γ
Etĉt+1 −

(1− γ)

(1 + γ)σ
(̂ıt − Etπ̂H,t+1) (31)

+
(1− γ) (1− ω)

(1 + γ)σ
Et∆τ̂ t+1 +

¡
1− ρp

¢
(1− γ)

(1 + γ)σ
ε̂p,t

• Home Phillips curve

π̂H,t =
ξ

1 + βξ
π̂H,t−1 +

β

1 + βξ
Etπ̂H,t+1 +

(1− βα) (1− α)

(1 + βξ)α
cmct (32)

• Home marginal cost

cmct =

µ
σ

1− γ
+ ϕωs

¶
ĉt −

γσ

1− γ
ĉt−1 + ϕ (1− ωs) ĉ∗t − (1 + ϕ) ât (33)

+ [(1− ω) (1 + ϕωs) + ϕ (1− ω∗) (1− ωs)] τ̂ t

• Home aggregate output

ŷt = [(1− ω)ωs+ (1− ω∗) (1− ωs)] τ̂ t + ωsĉt + (1− ωs) ĉ∗t (34)

• Home preference shock
ε̂p,t = ρpε̂p,t−1 + ηp,t (35)

• Home productivity shock
ât = ρaât−1 + ηa,t (36)

• Foreign IS curve

ĉ∗t =
γ∗

1 + γ∗
ĉ∗t−1 +

1

1 + γ∗
Etĉ∗t+1 −

(1− γ∗)
(1 + γ∗)σ∗

¡
ı̂∗t − Etπ̂∗F,t+1

¢
(37)

−(1− γ∗)ω∗

(1 + γ∗)σ∗
Et∆τ̂ t+1 +

¡
1− ρ∗p

¢
(1− γ∗)

(1 + γ∗)σ∗
ε̂∗p,t

• Foreign Phillips curve

π̂∗F,t =
ξ∗

1 + βξ∗
π̂∗F,t−1 +

β

1 + βξ∗
Etπ̂∗F,t+1 +

(1− βα∗) (1− α∗)
(1 + βξ∗)α∗

cmc∗t (38)
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• Foreign marginal cost

cmc∗t =

µ
σ∗

1− γ∗
+ ϕ∗ (1− ω∗) s∗

¶
ĉ∗t −

γ∗σ∗

1− γ∗
ĉ∗t−1 + ϕ∗ [1− (1− ω∗) s∗] ĉt (39)

− (1 + ϕ∗) â∗t − [ω [1 + ϕ∗ (1− (1− ω∗) s∗)] + ω∗ϕ∗ (1− ω∗) s∗] τ̂ t

• Foreign aggregate output

ŷ∗t = [1− (1− ω∗) s∗] ĉt+(1− ω∗) s∗ĉ∗t−(ω [1− (1− ω∗) s∗] + ω∗ (1− ω∗) s∗) τ̂ t (40)

• Foreign preference shock
ε̂∗p,t = ρ∗pε̂

∗
p,t−1 + η∗p,t (41)

• Foreign productivity shock
â∗t = ρ∗aâ

∗
t−1 + η∗a,t (42)

• Terms of trade

τ̂ t =
1

ω − ω∗

·
σ

1− γ
ĉt −

γσ

1− γ
ĉt−1 −

σ∗

1− γ∗
ĉ∗t +

γ∗σ∗

1− γ∗
ĉ∗t−1 + ε̂∗p,t − ε̂p,t

¸
. (43)

Notice that s = C̄/Ȳ and s∗ = C̄∗/Ȳ ∗.

A2. Taylor-type rules

• Home monetary policy rule

ı̂t = ψiı̂t−1 + (1− ψi)
£
ψππ̂H,t + ψy (ŷt − ŷnt )

¤
+ ε̂i,t (44)

• Foreign monetary policy rule

ı̂∗t = ψ∗i ı̂
∗
t−1 + (1− ψ∗i )

£
ψ∗ππ̂

∗
H,t + ψ∗y (ŷ

∗
t − ŷ∗nt )

¤
+ ε̂∗i,t (45)

• Home monetary policy shock

ε̂i,t = ρiε̂i,t−1 + ηi,t (46)

• Foreign monetary policy shock

ε̂∗i,t = ρ∗i ε̂
∗
i,t−1 + η∗i,t (47)
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Appendix B: The log-linearized flexible-price output

The so-called natural output is obtained as the level of output that would prevail under

flexible price in the absence of cost-push shocks. In this case, the optimal pricing decision

for the firm h, i.e., the price that would maximize profits at each period is given by

PH,t (h) =
µ

(1 + ϑ)

Wt

At
,

where µ = θ/ (θ − 1) is the optimal mark-up, and ϑ is the subsidy for output that offsets

the effect on imperfect competition in goods markets on the steady-state level of output.

Using the demand for good h, Yt (h) =
µ
PH,t (h)

PH,t

¶−θ
Yt, we note that the relative supply

of good h must in turn satisfyµ
Yt (h)

Yt

¶−1/θ
=

µ

(1 + ϑ)

Wt

PH,t

1

At
.

Note also that, in steady state,

ŪL̄
ŪC̄

=
(1 + ϑ)

µ
= 1− Φy

where Φy is a measure of inefficiency in the economy at steady state as compared to the

economy at the flexible-price equilibrium (see Woodford, 2003).

Because all wages are the same in the case of flexible wages, we have Wt (h) =Wt and

Lt (h) = Lt for all h. This implies that all sellers supply a quantity Y n
t satisfying

1− Φy =
ULn,t
UCn,t

Pt
PH,t

1

At
=

(Ln
t )

ϕ

(Cn
t − γCn

t )
−σ
(T n

t )
1−ω

At
=

(Y n
t /At)

ϕ¡
Cn
t − γCn

t−1
¢−σ (T n

t )
1−ω

At
.

Log-linearizing this expression yields,

ŷnt = −
σ

(1− γ)ϕ
ĉnt +

σγ

(1− γ)ϕ
ĉnt−1 −

(1− ω)

ϕ
τ̂nt +

(1 + ϕ)

ϕ
ât.

In using the terms of trade expression

τ̂nt =
1

ω − ω∗

·
σ

1− γ
ĉnt −

γσ

1− γ
ĉnt−1 −

σ∗

1− γ∗
ĉ∗nt +

γ∗σ∗

1− γ∗
ĉ∗nt−1 + ε̂∗p,t − ε̂p,t

¸
,

with the definition of the aggregate output

ŷnt = ωsĉnt + (1− ωs) ĉn∗t + [(1− ω)ωs+ (1− ω∗) (1− ωs)] τ̂nt ,

we obtainµ
σ

1− γ
+ ϕωs+

σΨ

(1− γ)

¶
ĉnt =

γσ

1− γ
(1 +Ψ) ĉnt−1 −

µ
ϕ (1− ωs)− σ∗Ψ

(1− γ∗)

¶
ĉ∗nt

− γ∗σ∗Ψ
(1− γ∗)

ĉ∗nt−1 −Ψ
¡
ε̂∗p,t − ε̂p,t

¢
+ (1 + ϕ) ât (48)
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and

ŷnt =

µ
ωs+

σΨ

(1− γ)

¶
ĉnt −

µ
γσΨ

(1− γ)

¶
ĉnt−1 +

µ
1− ωs− σ∗Ψ

(1− γ∗)

¶
ĉ∗nt

+

µ
γ∗σ∗Ψ
(1− γ∗)

¶
ĉ∗nt−1 +Ψ

¡
ε̂∗p,t − ε̂p,t

¢
(49)

where Ψ = [(1− ω) (1 + ϕωs) + ϕ (1− ω∗) (1− ωs)] / (ω − ω∗).
The same calculations for the foreign country yield,µ

σ∗

1− γ∗
+ ϕ∗ (1− ω∗) s∗ +

σ∗Ψ∗

(1− γ∗)

¶
ĉ∗nt =

γ∗σ∗

1− γ∗
(1 +Ψ∗) ĉ∗nt−1

−
µ
ϕ∗ [1− (1− ω∗) s∗]− σΨ∗

(1− γ)

¶
ĉnt −

γσΨ∗

(1− γ)
ĉnt−1

+Ψ∗
¡
ε̂∗p,t − ε̂p,t

¢
+ (1 + ϕ∗) â∗t (50)

and

ŷ∗nt =

·
1− (1− ω∗) s∗ − σΨ∗

(1− γ)

¸
ĉnt +

γσΨ∗

(1− γ)
ĉnt−1

+

µ
(1− ω∗) s∗ +

σ∗Ψ∗

(1− γ∗)

¶
ĉ∗nt −

γ∗σ∗Ψ∗

(1− γ∗)
ĉ∗nt−1 −Ψ∗

¡
ε̂∗p,t − ε̂p,t

¢
(51)

where Ψ∗ = [ω [1 + ϕ∗ (1− (1− ω∗) s∗)] + ω∗ϕ∗ (1− ω∗) s∗] / (ω − ω∗).

Appendix C: Approximation of the welfare criterion

The second-order approximation of the home representative household’s utility is de-

rived in this section, using methods discussed in more detail in Woodford (2003). The

average utility flow of the representative household at date t is given by

Wt = U (Ct,Ht, εp,t)−
1

n

Z n

0
V (Lt (h) , εp,t) dh (52)

where

U (Ct,Ht, εp,t) =
εp,t
1− σ

(Ct − γHt)
1−σ and V (Lt (h) , εp,t) =

εp,t
1 + ϕ

(Lt (h))
1+ϕ .

C.1 Taylor expansion of the utility function

The second-order Taylor expansion of U (Ct,Ht, εp,t) around the steady state Ū = U
¡
C̄, H̄, ε̄p

¢
yields

U (Ct,Ht, εp,t) ≈ Ū+ ŪC̄C̃t + ŪH̄H̃t + Ūε̄p ε̃p,t +
1

2
ŪC̄C̄C̃

2
t

+
1

2
ŪH̄H̄H̃2t +

1

2
Ūε̄pε̄p (ε̃p,t)

2 + ŪC̄H̄C̃tH̃t

+ŪC̄ε̄pC̃tε̃p,t + ŪH̄ε̄pH̃tε̃p,t +O
³
kζk3

´
(53)
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where X̃t = Xt − X̄, O
³
kζk3

´
denotes the order of residual and kζk is a bound on the

amplitude of exogenous disturbances.

Applying a second-order Taylor expansion (X̃t/X̄ = x̂t +
1
2 x̂
2
t +O

³
kζk3

´
, where x̂t =

lnXt − ln X̄), we obtain

U (Ct,Ht, εp,t) ≈ Ū+ ŪC̄C̄

µ
ĉt +

1

2
ĉ2t

¶
+ ŪH̄H̄

µ
ĥt +

1

2
ĥ2t

¶
+ Ūε̄p ε̄p

µ
ε̂p,t +

1

2
ε̂2p,t

¶
+
1

2
ŪC̄C̄C̄

2ĉ2t +
1

2
ŪH̄H̄H̄2ĥ2t +

1

2
Ūε̄pε̄p ε̄

2
pε̂
2
p,t + ŪC̄H̄C̄H̄

³
ĉtĥt

´
+ŪC̄ε̄pC̄ε̄p (ĉtε̂p,t) + ŪH̄ε̄pH̄ε̄p

³
ĥtε̂p,t

´
+O

³
kζk3

´
(54)

with

ŪC̄ = ε̄p
¡
C̄ − γH̄

¢−σ
,

ŪC̄C̄ = −σε̄p
¡
C̄ − γH̄

¢−σ−1
= −σ
(C̄−γH̄) ŪC̄ ,

ŪH̄ = −γε̄p
¡
C̄ − γH̄

¢−σ
= −γŪC̄ ,

ŪH̄H̄ = −γ2σε̄p
¡
C̄ − γH̄

¢−σ−1
= −γ2σ
(C̄−γH̄)ŪC̄ ,

ŪC̄H̄ = σγε̄p
¡
C̄ − γH̄

¢−σ−1
= σγ

(C̄−γH̄) ŪC̄ ,

Ūε̄p =
1
1−σ

¡
C̄ − γH̄

¢1−σ
=
(C̄−γH̄)
(1−σ)ε̄p ŪC̄ ,

Ūε̄pε̄p = 0,

ŪC̄ε̄p =
¡
C̄ − γH̄

¢−σ
=

ŪC̄
ε̄p
,

ŪH̄ε̄p = −γ
¡
C̄ − γH̄

¢−σ
= −γ

ε̄p
ŪC̄ .

Replacing Ht by Ct−1, the utility of consumption simplifies to

U (Ct, Ct−1, εp,t) ≈ ŪC̄C̄

½
(ĉt − γĉt−1) +

1

2

¡
ĉ2t − γĉ2t−1

¢
− σ

2 (1− γ)
(ĉt − γĉt−1)2

+ĉtε̂p,t − γĉt−1ε̂p,t
o
+ t.i.p.+O

³
kζk3

´
(55)

where “t.i.p.” denotes terms independent of the actual policy such as constant terms in-

volving only exogenous variables.

C.2 Taylor expansion of the disutility of work

The second-order Taylor expansion for V (Lt (h) , εp,t) around the steady state V̄ = V
¡
L̄, ε̄p

¢
is

V (Lt (h) , εp,t) ≈ V̄+ V̄L̄L̄

µ
l̂t (h) +

1

2
l̂2t (h)

¶
+ V̄ε̄p ε̄p

µ
ε̂p,t +

1

2
(ε̂p,t)

2

¶
+
1

2
V̄L̄L̄L̄

2l̂2t (h) +
1

2
V̄ε̄pε̄p ε̄

2
pε̂
2
p,t + V̄L̄ε̄pL̄ε̄p

³
l̂t (h) ε̂p,t

´
+O

³
kζk3

´
(56)

with
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V̄L̄ = ε̄pL̄
ϕ,

V̄ε̄p =
1

1+ϕ

¡
L̄
¢1+ϕ

= L̄
(1+ϕ)ε̄p

V̄L̄,

V̄L̄L̄ = ϕε̄pL̄
ϕ−1 = ϕ

L̄
V̄L̄,

V̄ε̄pε̄p = 0,

V̄L̄ε̄p = L̄ϕ =
V̄L̄
ε̄p
.

The disutility of work becomes

V (Lt (h) , εp,t) ≈ V̄L̄L̄

½
l̂t (h) +

1 + ϕ

2
l̂2t (h) + l̂t (h) ε̂p,t

¾
+ t.i.p.+O

³
kζk3

´
. (57)

C.3 Individual labor to composite labor

Now define the composite labor index:

Lt =

Z n

0
Lt (h) dh =

Z n

0

Yt (h)

At
dh =

Yt
At

Z n

0

Ã
P̃t (h)

Pt

!−θ
dh.

Taking a second-order Taylor expansion of the logarithm of this equation yields:

l̂t = ŷt − ât + ût (58)

with ût = ln
R n
0

³
P̃t(h)
Pt

´−θ
dh is of second order. As shown by Woodford (2003, chap. 6),

one has

ût =
θα

2 (1− α) (1− βα)
(π̂H,t − ξπ̂H,t−1)2 +O

³
kζk3

´
. (59)

C.4 Welfare expressions

We first integrate equation (57) over h and replace
R n
0 Lt (h) dh and ût by their respective

expressions. We then take the present discounted sum of equations (55) and (57) and

subtract the second expression to the first one to obtain

∞X
t=0

βtWt = ŪC̄C̄
∞X
t=0

βt
½
(ĉt − γĉt−1) +

1

2

¡
ĉ2t − γĉ2t−1

¢
− σ

2 (1− γ)
(ĉt − γĉt−1)2

+ĉtε̂p,t − γĉt−1ε̂p,t −
(1− Φy)

s
ŷt −

1 + ϕ

2s
(ŷt − ât)

2 − s−1ŷtε̂p,t

− θα

2 (1− α) (1− βα) s
(π̂H,t − ξπ̂H,t−1)2

¾
+ t.i.p.+O

³
kζk3

´
. (60)

Recall that V̄L̄ = ŪC̄ (1−Φy) , s = C̄/Ȳ and that Φy is of order O (kζk). Given that
∞X
t=0

βtxt−1 = x−1 + β
∞X
t=0

βtxt = β
∞X
t=0

βtxt + t.i.p.
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and in using the fact that

(1 + ϕ) ât = A1ĉ
n
t +A2ĉ

n
t−1 +A3ĉ

∗n
t +A4ĉ

∗n
t−1 +A5ε̂p,t +A6ε̂

∗
p,t

where parameters Aj (j = 1, · · · , 6) find their counterparts in equation (48), it yields

W0 = E0
∞X
t=0

βtWt = −ŪC̄C̄E0
∞X
t=0

βt
½
− (1− βγ) ĉt +

(1− Φy)
s

ŷt

+
σ

2 (1− γ)
(ĉt − γĉt−1)2 −

(1− βγ)

2
ĉ2t +

1 + ϕ

2s
ŷ2t +

¡
γβρp − 1

¢
ĉtε̂p,t

−s−1
¡
A1ĉ

n
t +A2ĉ

n
t−1 +A3ĉ

∗n
t +A4ĉ

∗n
t−1 +A5ε̂p,t +A6ε̂

∗
p,t

¢
ŷt

+s−1ŷtε̂p,t +
θα

2 (1− α) (1− βα) s
(π̂H,t − ξπ̂H,t−1)2

¾
+t.i.p.+O

³
kζk3

´
. (61)

Finally, replacing the cross-product x1,tx2,t by
³
x21,t + x22,t − (x1,t − x2,t)

2
´
/2, we can

rewrite the home welfare criterion as

W0 = −ŪC̄C̄

2
E0

∞X
t=0

βt
½
(ĉt −Ψc)

2 +
1

s
(ŷt −Ψy)

2

+
¡
βγ
¡
1 + ρp

¢
− 3
¢
ĉ2t

+
1 + ϕ−A1 −A2 −A3 −A4 −A5 −A6

s
ŷ2t

+
σ

(1− γ)
(ĉt − γĉt−1)2 −

¡
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2

+
A1
s
(ŷt − ĉnt )

2 +
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s
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¢2
+

A3
s
(ŷt − ĉ∗nt )

2

+
A4
s

¡
ŷt − ĉ∗nt−1

¢2 − 1−A5
s

(ŷt − ε̂p,t)
2 +

A6
s
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+
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(1− α) (1− βα) s
(π̂H,t − ξπ̂H,t−1)2

¾
+ t.i.p.+O

³
kηk3

´
where Ψc = (1− βγ) and Ψy = − (1− Φy).
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Same calculations for the welfare of the foreign representative household yield:

W∗
0 = −

Ū∗̄
C∗C̄

∗

2
E0

∞X
t=0

βt
½
(ĉ∗t −Ψ∗c)2 +

1
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ŷ∗t − ε̂∗p,t

¢2
+

θα∗

(1− α∗) (1− βα∗) s∗
¡
π̂∗F,t − ξ∗π̂∗F,t−1

¢2¾
+ t.i.p.+O

³
kηk3

´
where Ψ∗c = (1− βγ∗) and Ψ∗y = −
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1− Φ∗y

¢
.
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Table 3. Welfare comparison

Model constrained optimal 

MCM MCM δ1 δ2

With habit formation and price indexation -1.4700 -1.1024 -1.0965 0.0037 0.9842

Without habit formation -2.2330 -1.9980 -1.9890 0.0024 0.9631

Without price indexation -1.7370 -1.6210 -1.6192 0.0012 0.9847

Without habit formation and price indexation -2.8200 -2.7832 -2.7827 0.0004 0.9866

Values of welfare

AWM
Measures of welfare cost 
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